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• Synchronization of Dynamical Systems
• Describing Networks
 Master Stability Function

• Spatio-Temporal Optical Network
• Symmetries and Clusters
• Isolated Desynchronization

Outline
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Synchronization in Nature

S. H. Strogatz et al. Nature 438, 43 (2005).
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Synchronization in Engineered Systems

GPS Power Grid

http://en.wikipedia.org/wiki/Synchroscope
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Chaotic Systems
Sensitivity to Initial Conditions
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Synchronization of Chaos

222
2

222
2

2122
2

         )(

)(5.1)(

zyx
dt
dz

yzx
dt

dy

xxxy
dt

dx

β

ρ

σ

−=

−−=

−+−= ( )
( )
( ) 0.10

0.10
0.10

1

1

1

=
=
=

z
y
x ( )

( )
( ) 0.50

0.10
0.120

2

2

2

=
=
=

z
y
x



9

• Synchronization and Chaos
• Describing Networks
 Master Stability Function

• Spatio-Temporal Optical Network
• Symmetries and Clusters
• Isolated Desynchronization

Outline
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• Cij = 1, if node i and j are connected
• Assume all connections are identical, bidirectional
• Generalizations:
 Weighted connections
 Directional links (Cij ≠ Cji)

Representing Networks and Graphs
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Q1:  Can these equations synchronize?
(Do they admit a synchronous solution x1 = x2 = … xN?)

Q2:  Do these equations synchronize?
(... and is the synchronous solution stable?)

Coupled Dynamical Systems
Continuous-time:

Discrete-time:
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Laplacian Coupling 
Matrix (row sum = 0):

Synchronization of Coupled 
Systems
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• Eigenvalues of C:  
{0, λ1, λ2, λ3, …}

• Stability condition:  
M(λi) < 0, for all i

Master Stability Function
Is the Synchronous Solution Stable

Master Stability Function

M(λ)

Real(λ)

Im
ag

(λ
)

region of stability
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• Synchronization and Chaos
• Describing Networks
 Master Stability Function

• Spatio-Temporal Optical Network
• Symmetries and Clusters
• Isolated Desynchronization

Outline



15

Electrooptic Feedback Loop

Map equation:
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Spatio-Temporal Optical Network
Video Feedback Network
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Spatial Light Phase Modulator

Incoming light

Phase-shifted reflected light

Cover Glass

Grounded 
Electrode

Liquid Crystal

Mirror
Pixel Electrodes

VSLI (chip)

• Same technology used in LCD displays
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Coupled Dynamical Systems

• Coupled Map Equations:

• Cij programmed 
through feedback
(or by Fourier optics)

• SLM pixels are imaged 
onto camera pixels

• Almost arbitrary 
networks can be 
formed

I(x) = a sin2(x)
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Example:  11 node network
(6 links removed) 

• Network connections 
indicated by lines

• Square patches of pixels for 
each node

Q:  Can we predict and 
explain this cluster 
synchronization?
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• Synchronization and Chaos
• Describing Networks
 Master Stability Function

• Spatio-Temporal Optical Network
• Symmetries and Clusters
• Isolated Desynchronization

Outline



21

Identifying Clusters and Symmetries

1 2

3

4

5
90o

G ={gi}

g1 g2 g3

group

Representation of the group G
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• Each symmetry can be described by a N-
dimensional permutation matrix Rg

• The permutation matrix commutes with C:
RgC = CRg

• The equations of motion are invariant under 
symmetry operation

• Orbits = subsets of nodes that permute 
among themselves under symmetry group 
(clusters!)

Symmetries and Dynamics
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• Symmetries and clusters are hard to identify 
in all but the simplest networks!

Symmetries (Example)
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Hidden Symmetries

0 symmetries

G.gens()= [(7,10), (6,7), (5,6), (4,8), (2,4)(8,9),(1,5), (1,11)]

8640 symmetries
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• GAP = Groups, Algorithms, Programming
(software for computational discrete algebra)
http://www.gap-system.org/

• Sage = Unified interface to 100’s of open-source 
mathematical software packages, including GAP
http://www.sagemath.org/

• Python = Open-source, multi-platform 
programming language
http://www.python.org/

(Free) Tools for Computing 
Symmetries

http://www.gap-system.org/
http://www.sagemath.org/
http://www.python.org/
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Example Output (GAP/Sage)

G.order(), G.gens()= 8640 [(9,10), (7,8), (6,9), (4,6), (3,7), (2,4), (2,11), (1,5)]

node sync vectors:
Node 2

orb= [1, 5]
nodeSyncvec [0, 1, 0, 0, 0, 1, 0, 0, 0, 0, 0]
cycleSyncvec [1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0]

Node 1

orb= [2, 4, 11, 6, 9, 10]
nodeSyncvec [1, 0, 1, 0, 1, 0, 1, 0, 0, 1, 1]
cycleSyncvec [0, 1, 0, 1, 0, 1, 0, 0, 1, 1, 1]

Node 4

orb= [3, 7, 8]
nodeSyncvec [0, 0, 0, 1, 0, 0, 0, 1, 1, 0, 0]
cycleSyncvec [0, 0, 1, 0, 0, 0, 1, 1, 0, 0, 0]
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• C = coupling matrix in “node” coordinate 
system

• T = unitary transformation matrix to convert 
to IRR coordinate system

• B = TCT–1 = block-diagononalized form

Stability of Synchronization
linearizing about cluster states
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Transformed Coordinate System
for perturbations away from synchrony

“node” coordinate frame “IRR” coordinate frame

• T is not an eigendecomposition or permutation matrix
• T is found using irreducible representations (IRR) of 

symmetry group (computed from GAP)



29

Example:  Diagonalization

CTCT–1
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• Synchronization and Chaos
• Describing Networks
 Master Stability Function

• Spatio-Temporal Optical Network
• Symmetries and Clusters
• Isolated Desynchronization

Outline
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Cluster Synchronization in Experiment

• 11 nodes
• 49 links
• 32 symmetries
• 5 clusters:
 Blue (2)
 Red (2)
 Green (2)
 Magenta (4)
 White (1)
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• Pay attention to the magenta cluster:

Isolated Desynchronization

a = 0.7π a = 1.4π
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Synchronization Error

a
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Intertwined Clusters

a
• Red and blue clusters are inter-dependent
• (sub-group decomposition)
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Transverse Lyapunov Exponent
(linearizing about cluster synchrony)
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• N= 25 nodes (oscillators)
• 10,000 realizations of each type
• Calculate # of symmetries, clusters

Symmetries and Clusters 
in Random Networks

Random Scale-free Tree Scale-free γ

A.-L. Barabasi and R. Albert, 
“Emergence of scaling in random 
networks," Science 286, 509-512 (1999).

K-I Goh, B Kahng, and D Kim, “Universal 
behavior of load distribution in scale-free 
networks,“ Phys. Rev. Lett. 87, 278701 (2001).

ndelete= 20
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Symmetries, clusters and subgroup 
decompositions seem to be universal across 
many network models

Symmetry Statistics
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Power Network of Nepal
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• 4096 
symmetries

• 132 Nodes
• 20 clusters
• 90 trivial 

clusters
• 10 subgroups

Mesa Del Sol Electrical Network
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Symmetries & Clusters in Larger 
Networks

MacArthur et al., “On automorphism groups of networks,"  Discrete Appl. Math. 156, 3525 (2008).

Number of 
Symmetries 

> 88% of nodes are in clusters in all above networks

Number of 
Edges 

Number of 
Nodes 
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• Synchronization is a widespread in both natural and 
engineered systems

• Many systems exhibit patterns or clusters of 
synchrony

• Synchronization patterns are intimately connected 
to the hidden symmetries of the network

Summary
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For more information:
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