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There Is no scorn more
profound, or on the whole
more justifiable, than that of
the men who make for the
men who explain. Exposition,
criticism, appreciation, IS
work for second-rate minds.

G.H. Hardy, A Mathematician's
Apology (London 1941)
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Creativity in Science and Art — Concept of Genius
Immanuel Kant (1724-1804 ), Critique of Judgment
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“Newton could show how he took every
one of the steps he had to take to get
from the first elements of geometry to
his great and profound discoveries,”
Kant wrote, “not only to himself but to
everyone else as well, in an intuitively
clear way, allowing others to follow.”

This Is not the case Wlth Homer and other great poets. “One
cannot learn to write inspired poetry,” continued Kant, “...
however superb its models.” 3
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More...

“... had Newton or Leibnitz never lived, the world
would have had the calculus, but that if Beethoven
had not lived, we would never have had the C-
Minor Symphony”

(Bernard Cohen, in Franklin and Newton, in remark
attributed to Einstein)
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Willem de Kooning (1904-1997)
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Pablo Picasso (1881-1973) 8
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Conceptual Picture of
Mixing — Lamellar Structures

Continuum theory in terms of a,

a,, mtermaterlal
area, per unit
volume, s~1/a,
striation thickness

11
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Fast reaction Initial condition

A+B->P

1D view s(O)A }‘7

Infinite rate of reaction

w After time t
s(t)

striation thickness

striation thickness

fluid mechanical history contained in s=f(t)
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Dimotakisy
Roshko, 1976 g
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Conceptual Picture of
Mixing — Stretching and Folding

Initial Condition

The
kinematics of
mixing:
stretching, chaos,
and transport

el P e —

| — = A Iy

) . z} o

7.4 i 8 1
i = . = 1R

Striations 14
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Figure 1.3.1. Deformation of a tracer in a numerical experiment of motion in
the Earth mantle. The sides of the rectangle are insulating but the bottom is
subjected to a constant heat flux while the temperature of the top surface is
kept constant. The motion is produced by buoyancy and internal heating
effects (the fluid is heated half from below and half from within). The Rayleigh
number is 1.4 x 10°, the time scale of the numerical simulation corresponds
to 155 Myear, and the thickness of the layer is 700 km. An instantaneous
picture of the streamlines reveals five cells. (Reproduced with permission from
Hoffman and McKenzie (1985).)

Mixing in the
Mantle of the Earth
(Hoffman and
McKenzie 1985)
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Figure 1.2.1. Reproduction of one of the early mixing experiments of Welander
(1955); evolution of an initial condition in a rotating flow. He used butanol
floated on water and the initial condition (square) was made of methyl-red:
unfortunately few additional details regarding the experiment were given in
the original paper.

8-

P. Welander (1955) Studies on the general development of

motion in a two dimensional, ideal fluid. Tellus 7:141-156 o
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Continuum Mechanics, Lagrangian

Stretching
o ||
A= lim n= lim
dX|—0 ‘dX‘ dA|—0 ‘dA‘
d(Irm):D:mm, d(Inn):V-V—D:nn,
dt dt
Efficiency
e, = 1 d(InA) 1 e — 1 d(Inn)<1

<1, =
(D:D)"* dt " (D:D)Y* dt
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Flow, 1-1 mapping
X=0(X), X=d,_,(X)

(%) = Vv(X,t) X ...Eulerian
dt/ x X...Lagrangian

If time-periodic  v(X,t)=v(x,t+T), maps

Xn+1 — CD(Xn) Xy = CI)n(XO)

N

Map n applications of map

8
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Candidate Flows

Cavity Flow
Ottino et al. 1986

SCIENTIFIC "
AMERI CAN

ew light on feelin, arbohydra
Deep earthquakes: shocks from the plan manﬁ'e.
Powerful algorithms weave efficient networks.

S /

| I o1 Partterns of complexity that emerge in the mixing

= | ‘ |I‘ of fluids have begun to vield insight into nonlinear physics.
TRBZ0OETTS

Eccentric Cylinder Flow

Chevray et al. 1986,
Ottino et al. 1986 19
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Start with streamline portrait...
2D flow, there exists W(X,y) such that ...

System has a Hamiltonian structure (Aref)

Critical points p s.t. v(p)=0
steady ¥ = W(X,y), unsteady ¥ = W¥(x,y,t) =2 chaos

20
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Dynamical Systems Theory: invariant sets, manifolds

Hyperbolic point

- Elliptic point

i
g

( A

We(P)=qall X eR" st. ®(X)>P as t— w

\ J

W!(P)=<all X eR" st. ®(X)>P as t——w

\

'

Vo

21

Rising, Khakhar ~1986 JMOttino 08



MCCormick
Northwestern Engineering

Figure 5.8.3. Visualization of W*(P) in a time-periodic system by means of a
fluid mechanical experiment. The manifolds WS(P) and WY(P) intersect
transversally.

point y

wu / belongs
/ simultaneously to
P ¥ W and s -

hyperbolic
periodic point

blob stretched by Wu
(lower part not shown)

blob moves;
position coincides
atfandr+ T

time increases

view in
Poincaré
section

Picture near integrable system

elliptic

Kolmogorov-Arnold-Moser

theorem 2
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Definition of Mixing CI)(A)ﬂ B-0

For “all of most” A’s and B’s

Measure-theoretic mixing

1 Baker’s

Strongly topologically mixing

Horseshoe 23
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Smale Horseshoe map

. Stretch

H]OSSH

Fold

Stephen Smale

II“ Iln

JMOttino 08
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Baker’s Transformation

(X, ¥) =2 (2x, y/2), cut and stack

X;=0.10110001...-> x,=0.0110001...~> x,=0.110001
x left shift....and
y,=0.01110100...-~> vy, =0.101110100...-~> y, = 0.01110100...

leftmost digit of X becomes leftmost digit of y

Bernoulli shift 2

JMOttino 08
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transformations or maps...
Brouwer’s fixed point theorem (~1910)

p=d(p)

Mapping of a singly connected domain onto itself
periodic points

26
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Figure 7.2.10. Horseshoe formaiion in the tendril-whorl flow. In (a) the

elongational flow acts first, followed by a twist clockwise. In (b) the twist acts

first, counter-clockwise, followed by the elongational flow. (¢) Actual example
corresponding to « = 10.000 and f§ = 2.180.
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JIr-I"’ /// \\-\ \ A
B o ——-ﬁ‘ ————— A"
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-
\\ ~ % Ll /
\ \\ /" Vs has to get
forward N \ A~ out of
\M, \ ,_L,f’/ — rectangle
R

elongation, v, >0

®)

twist, counter-clockwise

backward

Tendril-

Whorl

A' goesto A"

Flow

/ stretching, v, <0
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Construction of a Horseshoe

Ottino, 1989

period-1 point

rrrrr

Blinking
Vortex
Flow

(Aref 1984)
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Mixing in cavity flow

=4

Initial Conditions
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Higher Order Periodic Points
Composition of fundamental maps

There exist x such that X = D" (X) for any n

41
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Computations in Chaotic Systems

i ol
Experiment dx ~ (dXO )e
o Liapunov exponent
Types of Errors
Round-off error
Integration
Computer Discretization
Simulation

Parameter mismatch

46
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Linked Twist Maps and Mixing

cambridge Monographs on Applied and Computational Mathematics

The Mathematical
Foundations of Mixing

The Linked Twist Map as a Paradigm in
Applications: Micro to Macro, Fluids to Solids

Rob Sturman, julio M. ottino and Stephen Wiggins

n=2~0 n=>5 n =10

Rigorous mathematical foundation —can show

that “mathematical mixing” exists on sets of

full measure (with Sturman and Wiggins) 47
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m Realization: Partitioned Pipe Mixer

Cross section

—

D
% Pictorial view of mechanism

’ Franjione, Khakhar, Ottino,

Chem. Eng. Sci. 1987

Parameter=cross twist/axial flow
48
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Difference: Injection point

Kusch &

(@) (&) (c)

FiGurE 7. Order within chaos, existence of KAM-tubes. The mixing strength parameter for the flows is
B=10x0.3, and the Reynolds numbers are Reppm:axiat =0.3 and Reppm-cs=1.8. The differences between the .
flows (b) and (c) is the position of the orange dye streak feed point; (a) is a close-up of (b). JMOttIno 08
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Continued on right... 50
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Rotated Arc Mixer
Motion of boundaries

Apertures in inner cylinder

/ N\

o (T ¥ a

’

Rotating outer cylinder Stationary inner cylinder

Metcalfe et al.
AIChE J, 2001

Parameter:
cross twist/axial flow
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by

P.D. Anderson
0O.S.Galaktionov,
G.W.M. Peters

H.E.H. Melijer
Eindhoven, Netherlands
2002-3
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— ] RL-180

P.D. Anderson
0O.S.Galaktionov,
G.W.M. Peters

H.E.H. Melijer
Eindhoven, Netherlands
2002-3
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Break symmetry

Fountain et al. JFM 2000

JMOttino 08

Copyright Julio M. Ottino, 2008
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Kolmogorov-Arnold-Moser

Scienc theorerm

Vol. 281  No. 5377
Pages 609-740  $7 _ ; ;
3 Figure 6.11.1. General picture of a near-integrable system.

N

i
\

! "‘y

—

n‘ AMERICAN ASSOCIATION FOR THE ADVANCEMENT OF SCIENCI 56
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Chaos as a Fabric

Drop breakup
In chaotic flows

Tjahjadi & Ottino
J. Fluid Mech. (1991).

57
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Chaos as a Fabric
Fragmentation Aggregation

Normal distribution

Hansen & Ottino Phys. Rev. E (1996)

J. Colloid and Int. Sci. (1996). Particle-cluster 58
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Evolution and Applications

e Mathematical proof of chaos

* Artificiality of the examples, add more
realism?

« Shape of the forcing, do discontinuities o
matter?

e Realism of the flow. Due corners matter?
e Are there 3D examples?

e Agreement with experiments. Nature of
errors, round off, computation of the
velocity field

 Role of inertia

« But mixing is a means to an end.. Mixing
as a fabric.

* Reactions, how they are affected by mixing
o Coagulation...structure of clusters formed
* Breakup

* Droplets and other microstructures

» Character of the fluid, elasticity, etc.

Chemical Engineering
Oceanography
Microfluidics
Geophysics

59
JMOttino 08



20
10 |

TURBULENT ASTROPHYSICS
mixing in the
interior of stars...

MECHANICAL ENGINEERING |

combustion... M ENVIRONMENTAL SCIENCES
dispersion in the atmosphere...

OCEANOGRAPHY
dispersion in oceans...

b=t

o
[y
=]
l

CHEMICAL ENGINEERING
chemical reactors...

PHYSIOLOGY
mixing in blood vessels...
BIOENGINEERING

aeration in bioreactors
10—10 | Foon Enamnememe

MicrofluldicS remae

polymer blending, GEOLOGY
compounding... mixing in the mantle ARFM

J LAMINAR Ofihe Earth... 1990
10° 10° 10° 1012

Reynolds number
S
l

length scale (m)

Figure I Spectrum of problems studied in various disciplines in which mixing is important.
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Timelines

Brouwer Theorem ~
1910

Kolmogorov-Arnold-
Moser theorem ~1954

Baker’s map ~1960s
Smale Horseshoe ~1967

Linked Twist Maps
(Burton & Easton, 1980;
Wojtkowski 1980;
Przytycki 1983)

U Minn (many ~1979)

Fluid mechanics (Aref
~1982; Moin ~1991)

Dynamical Systems
(Rising ~1982; Wiggins
~1986 Guckenheimer,
Holmes, math; Gollub,
Swinney; physics)
Multifractals,
microscales (Meneveau
& Sreenivasan ~1991;
Dahm ~1988)
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Michael Faraday’s Christmas Lectures Osborne Reynolds
1842 - 1912

62
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NOTICES
IWTHI

PROCEEDINGS

AT THE

MEETINGS OF TIIK MEMBERS

oF THE

Topal dngtitution of Great Bril
ADBSTRACTS OF THE DISGOURSEB

THE EVENING MEETINGS.

VCLUME X1V.
1893—1895.

' LONDON:
PRINTED BY WILLIAM CLOWIES AND SONS, L1l
STAMFOLRD STREET AND CHARING CLOSSB.
1896.+- '

WEEELY EVENING MEETING,

Fridu.x, June 2, 1893,

Bz Dovoras Garrox, K.C.B. D.C.L. LL.D. F.R.8. Vice-Prosident,
in the Chair.

Provessor Osporng ReyNowps, M.A. LL.D. FRS.
Study of Fluid Mution by means of Coloured Bands.

Ix his charming story of . * The Purloined Lettor,” Edgar Allan Poo
fells how ull the cffurts and artifices of the Paris police to obtain

ion of & certain lettor, known to be in w particulur room, were
mmplﬁh.ll}' Luflled for months hy the Hilulllu plan of ],mwi"H i
letter in un unscalul envelopo in w lobtor-rack, and so destroying all
curiosiy a8 to its coutents ; and how thoe leitor was ut last fonud there
by s young mun who was not o professional member of the furee.
Closely analogous to this is the story I have to set before you to-
might—how certain mysteries of fluid motion, which bave resisted all
stlampts to penctrate them are at lust explained by tho simplest
means and in the mwost obvious manner.
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Osborne Reynolds, 1893

In fluids [..] this attenuation is only the first step in
the process of mixing — all involve the second
process, that of folding, piling, or wrapping, by which
the attenuated layers are brought together.

Identification of stretching and folding as basic
mechanism for mixing

64
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Conceptual Frameworks
u(x,y,zt)= u+u'

O. Reynolds, “On the dynamical theory of incompressible
viscous fluids and the determination of the criterion,” Philos.
Trans. R. Soc. London, Ser. A 186, 132 (1895).

“a perfectly random motion of particles [where] no basic
pattern should or could exist.” T. Theodorsen, “The
structure of turbulence,” 50 Jahre Genszchichtsforschung:
Ludwig Prandtl, Friedr (Viegeg and Sohn, Braunschweig,
1955), pp. 55-62

65
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Osborne Reynolds, 1893

In fluids [..] this attenuation is only the first step in the
Process of mixing — all involve the second process,
that of folding, piling, or wrapping, by which the
attenuated layers are brought together.

Speaking of (the work focusing on motion of fluids)...

“In respect of the mental effort involved, or the
scientific importance of the results goes beyond that
which resulted in the discovery of Neptune.”

66
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Jules Henri Poincaré Osborne Reynolds
1854-1912 1842 - 1912

67
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e Neptune’s discovery — 30 s deviation from
Newtonian predictions; trans-Uranian.

o Jean Leverrier (France); John
Couch Adams (England).

* Prize closed-form analytical solution
for the three-body problem
(Oscar Il, King of Sweden)

Winner: Poincaré, 1889
(.... homoclinic orbits;
three bodies produce chaos.)

(a)

transverse
homoclinic point

transverse
"~ heteroclinic

!

(9]0

JMOttino 08
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Jules Henri Poincaré Osborne Reynolds
1854-1912 1842 - 1912
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Jacques Hadamard
(1865-1963)

Psychology of Invention
In the Mathematical Field
(1945, 1954)

70
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Visual Imagination

Non-Visual
Joseph Louis Lagrange

One of Lagrange’s more
famous books, Analytical
Mechanics, which, he
boasted proudly, contains no
pictures.

Visual
David Hilbert

Commenting on one of
David Hilbert’s work
Jacques Hadamard said:
“diagrams appear in every
other page.”

71
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IXing of Solids

M
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inte‘::gc%ieons Metcalfe, Shinbrot, McCarthy, Ottino
Nature (1995)

intersections
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Mixing by avalanching

(1) Geometry
wedges = wedges
(2) Dynamics
Random mixing within wedges

Model Experiment

Metcalfe, Shinbrot, McCarthy, Ottino
Nature (1995)

75
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¥/
; .u’./
/

N __I-Idw solids mix/

=z

y = rate of mixing, x=y X total
area being mixed

76
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Segregation due
to flow

(size) S-systems, (density) D-systems
Reynolds’s dilatancy (percolation)

Osborne Reynolds, Philosophical
Magazine, December, 1885

Size segreqgation

Flux, Field

77
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How Two Particles Interact: Contact Forces

Normal Forces . Tangential Forces
4_:

Spring and Slider

F =k a¥? —k,vJa F, = min(k,s], |«F,|)

Hertz repulsion Linear tangential spring
with dissipation with maximum s

JMOttino 08
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A Nano to Macro Problem

Origins of Particle-Particle Collective Elow
Friction/Adhesion Interacti~~ dap
10~ m 107 m 107" m
Specifics Generic

chemistry physics

79
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-
:
& -
d
-

Y
-

<logarithmic

-0.05
%
0
Experimental -
PIV —0,15_ ——

5

5

10

15

20

glass, steel,
d~1mm

“wall effects”, 4 <
d/t<8

Jain et al. Phys. Fluids 2002 (DGS), Jain et al. JFM, 2004 (LGS) &0
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Unmixing: t-periodic forcing Fiedor & Ottino

J. Fluid Mech.
(2005)

DGS

f=6

LGS

Poincaré
Sections

81
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Poincaré Model Exp (S-DGS)

Unmixing

Interpenetrating
Continua Model
2D systems

Yor 2,08 6

B b iR £ P

Cisar, Umbanhowar
Ottino, PRE, 2006
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Velocity Profiles: 1 mm Particles, o= 2 RPM

JMOttino 08
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Tumbling Geometries and Forcings

84
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Cube: Skeleton, periodic
points and unstable manifolds

0
-0.2

bl

- -0.4

Gilchrist, Ottino, o
l Physical Review E, 68 (2003).
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Segregation in long rotating cylinder (LGS)

—

Granular bed/ mixture of small and large particles

JMOttino 08
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Effect of rotation rate - DGS

10 RPM

15 RPM

20 RPM

25 RPM

JMOttino 08
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Coarsening, Quasi 1D, Logarithmic decay

Circle-Wet

LGS

Number of Bands

10° 10’ 10"
Rotations

Circle-Dry

Number of Bands

DGS

m=224%04

1
10° 10’ 10"
Rotations

JMOttino 08
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Osborne Reynolds
(1842-1912)

89
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e Osborne Reynolds “‘On the dilatancy of media
composed of rigid particles in contact. With
experimental illustrations’. Philosophical
Magazine, December 1885).

 Rode Lecture in 1902 (*“On an inversion of ideas
as to the structure of the universe”)

“I have In my hand the first experimental model
universe, a soft India rubber bag filled with small
shot”.

90
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Prematurity
Fitting with the canonical knowledge of the times

“Sleeping Beauty” Papers

o “...apublication that goes unnoticed
(‘sleeps’), gathering less than one citation a
year for many years, and then, almost
suddenly, attracts a lot of attention (the
paper Is awakened by a “prince”).

van Raan (2004)
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The work of the Innovator

“Never forget what | believe was observed
to you by Coleridge, that every great and
original writer, in proportion as he Is great
and original, must himself create the taste
by which he is relished”

William Wordsworth (English poet, 1770-1850) in Letter
to Lady Beaumont, 21 May 1807; in E. de Selincourt (ed.)
Letters of William and Dorothy Wordsworth vol. 2;

revised by M. Moorman, 1969.
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Origins

James Clerq Maxwell
1831-1879

Maxwell’s arguments about
constancy of averages
(foundation of Statistical Mechanics)

dolphe Quetelet
1796-1874
Mecanique Sociale

P. Ball, Physica A (2002)
Critical Mass, (2004)
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Peter Guthrie Tait, “On the foundations of the kinetic theory
of gases’, Scientific Papers, vol.2, p. 126, CUP 1898-1900.

“...the extraordinary steadiness
with which numbers of such
totally unpredictable, though not
uncommon phenomena as
suicides, twin or triple births,
dead letters*, &c., in any
populous country, are
maintained year after year.”

*Laplace had also commented on this issue.
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Ref. Critical Mass, Philip Ball, FSG, 2004
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[ wz] 3D Granular Mixing
Y

t

t
Meier, Lueptow,

Ottino,
Advances in
Physics (2007).
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Plecewise iIsometries: Mixing without stretching

with Sturman, Wiggins, in progress o
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Looking Back

e The Deception of Final Pictures (...Gauss and

Riemann leaving no trace of the scaffold that lead to their final
results; Hermann von Helmholtz and the *“smooth royal path”;
Ludwig Wittgenstein's metaphor of kicking the ladder after
climbing up...Can anyone retrace Riemann?

 Bifurcation Points
Reynolds vs. Reynolds, mixing without stretching

 The Role of the Environment

Visual vs. non-Visual

A historical perspective fosters
creativity





